Abstract. The Liouville Brownian motion was introduced in [3] as a time changed process B A −1 t of a planar Brownian motion (B t ) t≥0 , where (A t ) t≥0 is the positive continuous additive functional of (B t ) t≥0 in the strict sense w.r.t. the Liouville measure. We first consider a distorted Brownian motion (X t ) t≥0 starting from all points in R 2 associated to a Dirichlet form (E, D(E)) (see [7] ). We show that the positive continuous additive functional (F t ) t≥0 of (X t ) t≥0 in the strict sense w.r.t. the Liouville distorted measure can be constructed.
Introduction
The Liouville Brownian motion, introduced by C. Garban, R. Rhodes, V. Vargas in [3] , is a Markov process defined as a time changed process on R 2 . By classical theory of Gaussian multiplicative chaos (cf. [5] ), the Liouville measure M γ , γ ∈ (0, 2) is well defined (see Section 2) . In [3] the positive continuous additive functional (A t ) t≥0 of a planar Brownian motion (B t ) t≥0 in the strict sense w.r.t. the Liouville measure M γ is constructed and then the Liouville Brownian motion is defined as B A −1 t . In this paper we are concerned with the extension of the Liouville Brownian motion B A −1 t to more general Markov processes. Note that the planar Brownian motion (B t ) t≥0 is associated with the Dirichlet form
As an extension of the Dirichlet form (E ′ , F ), we first consider a more general Dirichlet form (E, D(E)) which is defined as the closure of the symmetric bilinear form
on L 2 (R 2 , ρdx) where ρ(x) := |x| α , α ∈ (−2, ∞) (see [7] ). It is known from [6] and [7, Section 3] that there exists the distorted Brownian motion ((X t ) t≥0 , (P x ) x∈R 2 ) starting from all points in R 2 associated with the Dirichlet form (E, D(E)). Then using the estimates of the resolvent kernel and part Dirichlet form method, we can construct the positive continuous additive functional (F t ) t≥0 of (X t ) t≥0 in the strict sense w.r.t. the Liouville distorted measure M ρ γ (see Section 2) . Similarly to the Liouville Brownian motion, the Liouville distorted Brownian motion is defined as X F −1 t .
Notations:
For any open set U in R 2 , we denote the set of all Borel measurable functions and the set of all bounded Borel measurable functions on U by B(U) and
with respect to the measure m on U and 
Massive Gaussian free field and Gaussian multiplicative chaos
We first state the definition of the massive Gaussian free field as stated in [3] . The massive Gaussian free field on R 2 is a centered Gaussian random distribution (in the sense of Schwartz) on a probability space (Ω, A, P) with covariance function given by the Green function
where δ x stands for the Dirac mass at x. The massive Green function with the operator (m 2 − ∆) can be written as
where
Let (c n ) n≥1 be an unbounded strictly increasing sequence such that c 1 = 1 and (Y n ) n≥1 be a family of independent centered continuous Gaussian fields on R 2 on the probability space (Ω, A, P) with covariance kernel given by
The massive Gaussian free field is the Gaussian distribution defined by
We define n-regularized field by
and the associated n-regularized measure by
where ρdz is a positive Radon measure on R 2 . By the classical theory of Gaussian multiplicative chaos (see [5] ), P-a.s. the family (M n,γ ) n≥1 weakly converges to the Liouville distorted measure
It is known from [5] 
Liouville distorted Brownian motion
We consider ρ(x) := |x| α , α ∈ (−2, ∞) and the symmetric bilinear form
) is closable and its closure is a strongly local,
)-semigroup and resolvent associated to (E, D(E)) (see [2]). By [6] and [7, Section 3] there exists the distorted Brownian motion associated with the Dirichlet form (E, D(E))
with transition function (P t ) t≥0 where ζ is the lifetime. Moreover, it is known from [7, Section 3] that there exists a jointly continuous transition kernel density p t (x, y) such that
We present some definitions and properties concerning (E, D(E)). We will refer to [2] till the end, hence some of its standard notations may be adopted below without definition. For any set A ⊂ R 2 the capacity of A is defined as
•
• 
It is known that (E
for f ∈ B b (B). Correspondingly, there exists a (measurable) resolvent kernel density r
for f ∈ B b (B). For a signed Radon measure µ on B, let us define
whenever this makes sense. The process defined by
is called the part process associated to E B and is denoted by M| B . The part process M| B is a Hunt process on B (see [2, p.174 and Theorem A.2.10]). In particular, by (3.1) M| B satisfies the absolute continuity condition on B.
A positive Radon measure µ on B is said to be of finite energy integral if
where c is some constant independent of f and C 0 (B) is the set of all compactly supported continuous functions on B. A positive Radon measure µ on B is of finite energy integral (on B) if and only if there exists a unique function U We define
The following proposition recalls some properties of the Dirichlet form (E, D(E)) as stated in [7, Theorem 2.10, Lemma 3.13]:
(ii) For any α ∈ [0, ∞), Cap({0}) = 0.
(iii) For any α ∈ [0, ∞) and any x ∈ E
From now on till the end of this paper, we consider
Lemma 3.3. Almost surely in X, for any relatively compact open set G
Proof. The statement follows from 
Proof. Clearly, M ρ γ (G) < ∞. By Lemma 3.3 and Lemma 3.4, for any x ∈ G and δ > 0,
Since G is a relatively compact open set, we can find a constant R > 0 such that G ⊂ B R (0). By [3, Theorem 2.2], there exist a constant c 2 > 0 and α > 0 (depending on R > 0 and γ) such that for all r ∈ (0, R) and
By taking 0 < δ < α, we obtain 
The proof of the following theorem is a slight modification of [6, Lemma 5 .11] in our setting. Proof. We denote the set of all bounded, non-negative Borel measurable functions on E k by B
Using in particular the strong Markov property, we obtain by direct calculation that the right hand limit equals f k (x) for any x ∈ E k . Thus, we showed for all x ∈ E k Finally, almost surely in X, the time changed process (Z t ) t≥0 on E can be defined as 
) is a strongly local, regular, symmetric Dirichlet form. It is known from [7] 
